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Abstract
By using the cobar type Eilenberg–Moore spectral sequence, we prove that every isometry on the
Remannian manifold, whose mod 2 cohomology algebra is isomorphic to that of the product of two
spheres with different dimensions, has infinitely many invariant geodesics.
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1. Introduction
Let K be a field, X a simply connected space and ϕ a self map on X. We denote by XIϕ
the space of ϕ-invariant paths, namely, the space of all continuous paths w : I → X with
w(1)= ϕ(w(0)). Let ϕ be an isometry on a simply connected Remannian manifoldM . The
main theorem due to Tanaka in [16] asserts that if the Betti numbers bi(MIϕ ;K) for some
field K is unbounded, then ϕ has infinite many invariant geodesics. The theorem leads our
interest to the Betti numbers bi(XIϕ;K). In [5], Grove, Halperin and Vigué-Poirrier have
constructed an algebraic model for MIϕ . As a main application of the model, they have
given [5, Theorem 4.5] which is a good characterization for the boundedness of the rational
Betti numbers of MIϕ . Moreover the theorem gives rise to the fact that every isometry ϕ
on the product space S2p × S2q (p = q) has infinite many invariant geodesics (see
[5, Example 4.6]). In [7] the author has considered the unboundedness of the Betti number
of the space of invariant paths on a K-formal space by applying the collapse result
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[7, Theorem 1.1] for the bar type Eilenberg–Moore spectral sequence. As a consequence it
follows that if M is a compact simply connected Remannian manifold with the homotopy
type of a certain K-formal space, then an isometry on M , which induces the identity map
on K-cohomology, has infinitely many invariant geodesics [7, 1.5, 1.6 and 1.7]. However,
when the underling space is not K-formal, the theorem does not work well. The cobar
type Eilenberg–Moore spectral sequence with the target H ∗(XIϕ;K) in Theorem 1.1 below
enlarges the family of simply connected spaces X somewhat in which one can consider
whether the the sequence {bi(MIϕ;K)} is unbounded.
Theorem 1.1. Let X be a simply connected countable CW complex and ϕ a self map on X.
Then there exists the Eilenberg–Moore spectral sequence with
E
∗,∗
2
∼= Cotor∗,∗H ∗(ΩX;K)
(
H ∗(ΩX;K),K)
converging to H ∗(XIϕ;K) as an algebra. Here the H ∗(ΩX;K)-comodule structure of
H ∗(ΩX;K) is induced by the ϕ-adjoint map adϕ :ΩX×ΩX→ΩX defined by
adϕ(y, x)=Ωϕ(x)−1yx.
Observe that non zero elements on the spectral sequence are concentrated in the first
quadrant, that is, Ep,qr = 0 for any r if p < 0 or q < 0.
An explicit calculation of the ϕ-adjoint action ad∗ϕ :H ∗(ΩX;K) → H ∗(ΩX;K) ⊗
H ∗(ΩX;K) enables us to establish the following theorem.
Theorem 1.2. Let ϕ :X→X be a self homotopy equivalence. Suppose thatH ∗(X;Z/2)∼=
Λ(x,y) as an algebra. Then the sequence of Betti numbers bi(XIϕ;Z/2) is unbounded
if and only if ϕ∗ = id∗. In particular, the sequence of Betti numbers bi(XIϕ;Z/2) is un-
bounded whenever degx = degy .
Hence, combining [16, theorem] with Theorem 1.2, we have the theorem which is a
generalization of [7, Proposition 1.5].
Theorem 1.3. On a simply connected, compact Riemannian manifold M with H ∗(M;
Z/2)∼=H ∗((Sm1 × Sm2);Z/2) as an algebra, every isometry has infinite many invariant
geodesics if m1 =m2.
As examples of manifolds satisfying the assumptions in Theorem 1.3, we can give spaces
(SU(3),SO(3),4), (Sp(2),SU(2),10) and (G2,SU(2),3), where (G,H, l) denotes the ho-
mogeneous spaceG/H ofG by the subgroupH with the index l. For more details of the in-
clusionH →G, the index of the subgroup and the mod 2 cohomology algebra ofG/H , see
[9, Chapter 1] and [13, Lemma 4].
Remark. Theorem 1.1 may shed right on examples for which [5, Theorem 4.5] is not
applicable to show the unboundedness of the Betti numbers. Actually, as in the argument of
[5, Example 4.6], we can not deduce the unboundedness of {bi(MIϕ ;Q)} for every isometry
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on M applying [5, Theorem 4.5] to the case where M is the product space S2n × S2m+1
or S2n+1 × S2m+1. As for the homogeneous space G/H mentioned above, the rational
cohomology of the space is generated by a single element. Therefore [5, Theorem 4.5]
implies the boundedness of {bi(MIϕ ;Q)}.
2. Proof of Theorems 1.1 and 1.2
Let X be a countable CW complex and ϕ :X→X a self map on X. In this section, we
will construct the cobar type Eilenberg–Moore spectral sequence, which is mentioned in
Introduction, converging to the cohomology algebra H ∗(XIϕ;K). Analyzing the spectral
sequence, we prove Theorem 1.2. We begin with a lemma.
Lemma 2.1 (Compare [1, Lemma 3.7] and [10, Theorem 5.4]). Let us consider the
diagram of spaces and maps
Y ′′ Y
Y ′ ×Y Y ′′ Y ′
X′′ X
X′ ×X X′′ X′




 
 
 

q
p
h
h′
h′′
f
g
where the front and the back squares are pull buck diagrams of fibrations p and q
over simply connected spaces, respectively. Suppose that the maps h, h′ and h′′ induce
isomorphisms between the cohomologies with coefficients in K. If g ◦ h′′  h ◦ f and
q ◦ h′  h ◦ p, then H ∗(X′ ×X X′′;K)∼=H ∗(Y ′ ×Y Y ′′;K) as an algebra.
Proof. The differential torsion product TorA(B,C) obtained by the diagramB
η←−A ν−→
C in the category of differential graded algebras will be denoted by TorA(B,C)η,ν to
emphasize the A-module structures on B and C. Let K :Y ′′ × I →X and L :Y ′ × I →X
be the homotopies from g ◦ h′′ to h ◦ f and from q ◦ h′ to h ◦ p, respectively. Let k
and l be the map deduced from K and L by the adjunction. Denote by ε0, ε1 :XI → X
the evaluation maps at 0 and 1. Since ε0k = gh′′, ε1k = hf , ε0l = qh′, ε1l = hp and the
maps h′′, h, h′, ε0 and ε1 are homotopy equivalences, we have the following sequence of
isomorphisms:
TorC∗(X)
(
C∗
(
X′′
)
,C∗
(
X′
))
g∗,q∗
Torid(h′′,h′)−−−−−−→ TorC∗(X)
(
C∗
(
Y ′′
)
,C∗
(
Y ′
))
h′′∗g∗,h′∗q∗
Torε∗0 (id,id)−−−−−−→ TorC(XI )
(
C∗
(
Y ′′
)
,C∗
(
Y ′
))
k∗,l∗
Torε∗1 (id,id)←−−−−−− TorC∗(X)
(
C∗
(
Y ′′
)
,C∗
(
Y ′
))
f ∗h∗,p∗h∗
Torh∗ (id,id)−−−−−−→ TorC∗(Y )
(
C∗
(
Y ′′
)
,C∗
(
Y ′
))
f ∗,p∗,
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where C∗(X) means the normalized cochain algebra for X with coefficients in K. Since
each morphism is induced by the continuous maps, the morphism is compatible with the
algebra structures on the source and target which are brought from the Eilenberg–Zilber
map. The second Eilenberg–Moore theorem [14] tells us that, as algebras,
H ∗
(
X′ ×X X′′;K
)∼= TorC∗(X)(C∗(X′′),C∗(X′))g∗,q∗ and
H ∗
(
Y ′ ×Y Y ′′;K
)∼= TorC∗(Y )(C∗(Y ′′),C∗(Y ′))f ∗,p∗ .
This completes the proof. ✷
Proof of Theorem 1.1. Following Milnor’s description of universal bundles over spaces
[11], we can obtain a topological group G˜(X), a homomorphism ϕ˜ : G˜(X)→ G˜(X) and a
homotopy equivalence h :BG˜(X)→X such that the diagram
BG˜(X)
h
Bϕ˜
X
ϕ
BG˜(X)
h
X
is commutative up to homotopy. Consider the following diagram consisting of pull-back
diagrams:
BG˜(X) BG˜(X)×BG˜(X)
B BG˜(X)I
X X×X
XIϕ XI




 
 
 

ε1 × ε0
ε1 × ε0
h× hh
Bϕ˜ ×◦∆
ϕ × 1 ◦∆
where εi is the evaluation map at i and ∆ is the diagonal map. Since the bottom square
is homotopy commutative and h is homotopy equivalence, it follows from Lemma 2.1
that H ∗(B;K) ∼= H ∗(XIϕ;K) as an algebra. Define δϕ˜G˜(X) to be the subgroup of
G˜(X) × G˜(X) consisting of the elements (ϕ˜(g), g), that is, δϕ˜G˜(X) is the graph of
the homomorphism ϕ˜. We define a homomorphism η : G˜(X)2 → G˜(X) by η(h,g) = g.
Observe that η is restricted to the isomorphism η : δϕ˜G˜(X)→ G˜(X). The map η induces
a morphism from the fiber square introduced by Eschenburg [2, (D2), p. 473] to the front
pull back diagram in the above as follows:
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Bδϕ˜G˜(X) BG˜(X)
2
G˜(X)×δϕ˜ G˜(X) EG˜(X)2 BG˜(X)
BG˜(X) BG˜(X)×BG˜(X)
B BG˜(X)I




 
 
 

ε1 × ε0
B∆

ι
Bη ∼=
Binclusion
Bϕ˜ × 1 ◦∆
Here the map ι carries each element x of BG˜(X) to the constant path at x . Since Bη is a
homeomorphism, by the universality of the pull back, we have a homotopy equivalence
G˜(X) ×δϕ˜ G˜(X) EG˜(X)2 → B . We define the ϕ˜-adjoint action adϕ˜ : G˜(X) × G˜(X) →
G˜(X) by taking (h, g) to ϕ˜(g)−1hg. Let G˜(X) ×adϕ˜ EG˜(X) denote the orbit space of
G˜(X)×EG˜(X) by the action induced by the ϕ˜-adjoint action. From the homomorphism
η : G˜(X)2 → G˜(X), we can construct the morphism of fibrations
G˜(X) = G˜(X) 
G˜(X)×δϕ˜ G˜(X) EG˜(X)2
1×Eη−−−−→ G˜(X)×adϕ˜ EG˜(X) 
Bδϕ˜G˜(X) −−−−→
Bη
BG˜(X)
in which 1×Eη is a homotopy equivalence. The Eilenberg–Moore spectral sequence [12,
4] of the cobar type converging to H ∗(G˜(X) ×adϕ˜ EG˜(X);K) is the required spectral
sequence. ✷
For the rest of this paper, a space means a countable CW complex. We prepare a propo-
sition and two lemmas to prove Theorem 1.2.
Proposition 2.2. Let X be a simply connected space with
H ∗(X;Z/2)∼=
⊗
i
Z/2[xi]/
(
x2
ni
i
)
.
If Sq1 vanishes on H ∗(X;Z/2), then H ∗(ΩX;Z/2) is cocommutative.
Proof. Let LX be the free loop space, namely, the space of all continuous maps from
the circle into X. Let {Er, dr } denote the Eilenberg–Moore spectral sequence with E∗,∗2 ∼=
HH(H ∗(X;Z/2)) converging to H ∗(LX;Z/2). By virtue of [15, Theorem], we see that
{Er, dr} collapses at the E2-term. From [6, Proposition 1.7(2)], it follows that the Leray–
Serre spectral sequence of the fibration ΩX → LX → X also collapses at the E2-term
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and hence, as a vector space, H ∗(LX;Z/2) ∼= H ∗(X;Z/2) ⊗ H ∗(ΩX;Z/2). Let ϕ be
the identity map on X. Then the ϕ˜-adjoint action is the adjoint action on G˜(X) exactly.
Since G˜(X)  ΩX, BG˜(X)  X and H ∗(G˜(X) ×ad EG˜(X);Z/2) ∼= H ∗(XIϕ;Z/2) ∼=
H ∗(LX;Z/2), it follows that the Leray–Serre spectral sequence of the fibration
G˜(X)
j→ G˜(X)×ad EG˜(X)→ BG˜(X)
collapses at the E2-term. This fact implies that the induced homomorphism j∗ :H ∗(G˜(X)
×ad EG˜(X);Z/2) → H ∗(G˜(X);Z/2) is surjective. (For the notation, see the proof of
Theorem 1.1.) Let {cEr , dr} be the cobar type Eilenberg–Moore spectral sequence in
Theorem 1.1. The map j∗ is regarded as the edge homomorphism
H ∗(G˜(X)×ad EG˜(X);Z/2)→ cE0,∗∞ ↪→ ·· · ↪→ cE0,∗2 ↪→ cE0,∗1 = H ∗(G˜(X);Z/2)∥∥∥
H ∗(ΩX;Z/2)
Therefore the differential d1 :H ∗(ΩX;Z/2)→H ∗(ΩX;Z/2)⊗ H ∗(ΩX;Z/2) is trivial.
Here we regard the E1-term as the complex obtained by the cobar resolution of Z/2 as
an H ∗(ΩX;Z/2)-comodule. Since d1 coincides with the map ad∗ induced by the adjoint
action, it follows that H ∗(ΩX;Z/2) is cocommutative. ✷
Lemma 2.3. Let X be a simply connected space. If H ∗(X;Z/2)∼=Λ(x,y) as an algebra,
then H ∗(ΩX;Z/2) ∼= Γ [s−1x, s−1y] as a coalgebra, where deg s−1x = degx − 1 and
deg s−1y = degy − 1. Moreover, we can choose generators s−1x and s−1y so that
(s−1x)2 = s−1y if Sqdegx−1x = y .
Proof. Without loss of generality, we can assume that degx  degy . Let {Er, dr} be the
Eilenberg–Moore spectral sequence converging to H ∗(ΩX;Z/2). Observe that, in our
case, the E2-term is isomorphic to TorH ∗(X;Z/2)(Z/2,Z/2) ∼= Γ [s−1x, s−1y] as a Hopf
algebra. Suppose that degy = degx + 1. Then Sq1 vanishes in H ∗(X;Z/2). Therefore,
[15, Theorem] and [6, Proposition 1.7(2)] tell us that {Er, dr} collapses at the E2-term.
Next we consider the case where degx + 1 = degy . Since each term (Er, dr) has a
differential Hopf algebra structure, it follows that if there exists a non-zero differential,
then the first non zero differential is determined as dr(γ2k (s−1x))= s−1y . By comparing
the degrees of right and left hand side in the equality, we see 2k(degx − 1)+ 1 = degx ,
which is a contradiction. Thus we have H ∗(ΩX;Z/2)∼= Γ [s−1x, s−1y] as a vector space.
Let {E˜r , d˜r} be the Eilenberg–Moore spectral sequence converging to H∗(ΩX;Z/2)
as a Hopf algebra. The E2-term is isomorphic to CotorH∗(X;Z/2)(Z/2,Z/2) as a
Hopf algebra. Observe that CotorH∗(X;Z/2)(Z/2,Z/2)∼= dual(TorH ∗(X;Z/2)(Z/2,Z/2))∼=
dual(Γ [s−1x, s−1y]) ∼= Z/2[s−1x∨, s−1y∨] as Hopf algebras, where s−1x∨ and s−1y∨
denote dual elements of s−1x and s−1y , respectively. Since H ∗(ΩX; Z/2) ∼= Γ [s−1x,
s−1y] as a vector space, it readily seen that the spectral sequence {E˜r , d˜r } collapses
at the E2-term. If degx + 1 = degy , then Sq1 vanishes on H ∗(X;Z/2). By virtue
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of Proposition 2.2, we see that H∗(ΩX;Z/2) is commutative. In order to prove the
commutativity of H∗(ΩX;Z/2) in the case degx + 1 = degy , we show that there is no
extension problem in the spectral sequence {E˜r , d˜r}. To this end, we must verify whether
the equality s−1x∨s−1y∨ − s−1y∨s−1x∨ = 0 holds in H∗(ΩX;Z/2). For dimensional
reasons, it follows that E∞p,q = 0 if p + q = (degx − 1)(degx) and p  −3. Thus
we conclude that H∗(ΩX;Z/2) is commutative. This implies that H∗(ΩX;Z/2) ∼=
Z/2[s−1x∨, s−1y∨] as an algebra. The assertion of the latter half follows from the usual
argument using the Eilenberg–Moore spectral sequence and the Steenrod operation on the
spectral sequence (see [8, Proof of Theorem 2.5]). ✷
We here consider the map ad∗ϕ :H ∗(ΩX;Z/p) → H ∗(ΩX;Z/p) ⊗ H ∗(ΩX;Z/p)
which is needed for computing the E1-term of the Eilenberg–Moore spectral sequence
in Theorem 1.1. Let χ :ΩX → ΩX be the inverse map, µ and ∆ the product and the
coproduct on H ∗(ΩX;Z/p), respectively. Observe that
χ∗(x)+
∑
i
χ∗(x ′i)x ′′i + x = 0
if ∆(x)=∑0<|x ′i |,|x ′′i | x ′i ⊗ x ′′i + x ⊗ 1+ 1⊗ x . Therefore one can determine the explicit
action of χ∗ on H ∗(Ω;Z/p) inductively.
Lemma 2.4. The induced map ad∗ϕ factors as follows:
H ∗(ΩX;Z/p) ∆⊗1−−−−→ H ∗(ΩX;Z/p)⊗H ∗(ΩX;Z/p)
∆⊗1⊗1−−−−→ H ∗(ΩX;Z/p)⊗H ∗(ΩX;Z/p)⊗H ∗(ΩX;Z/p)
χ∗⊗1⊗1−−−−→ H ∗(ΩX;Z/p)⊗H ∗(ΩX;Z/p)⊗H ∗(ΩX;Z/p)
Ωϕ∗⊗1⊗1−−−−−→ H ∗(ΩX;Z/p)⊗H ∗(ΩX;Z/p)⊗H ∗(ΩX;Z/p)
T⊗1⊗1−−−−→ H ∗(ΩX;Z/p)⊗H ∗(ΩX;Z/p)⊗H ∗(ΩX;Z/p)
1⊗µ−−−−→ H ∗(ΩX;Z/p)⊗H ∗(ΩX;Z/p).
Proof. The fact follows from the definition of the ϕ-adjoint map adϕ :ΩX × ΩX →
ΩX. ✷
We conclude this paper with a proof of Theorem 1.2.
Proof of Theorem 1.2. Let {Er, dr} be the Eilenberg–Moore spectral sequence in
Theorem 1.1. By virtue of Lemma 2.3, we see that H ∗(ΩX;Z/2)∼= Γ [s−1x] ⊗ Γ [s−1y]
as a coalgebra. The fact enables us to construct an injective resolution of Z/2 as an
H ∗(ΩX;Z/2)-comodule as follows:
0→ Z/2→ I • = Γ [s−1x]⊗ Γ [s−1y]⊗Z/2〈x ′〉 ⊗Z/2〈y ′〉,
d
(
γl
(
s−1x
)
x ′
)= d(γm(s−1y)y ′)= 0,
d
(
γl
(
s−1x
))= γl−1(s−1x)x ′ and d(γm(s−1y))= γm−1(s−1y)y ′,
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where bidegx ′ = (degx − 1,1) and bidegy ′ = (degy − 1,1). Thus a complex (A, ∂) to
compute CotorH ∗(ΩX;Z/2)(H ∗(ΩX;Z/2),Z/p) is given as
A = H ∗(ΩX;Z/2)✷H ∗(ΩX;Z/2)I •
∼= Γ [s−1x]⊗ Γ [s−1y]⊗Z/2〈x ′〉 ⊗Z/2〈y ′〉 and
∂ :Γ
[
s−1x
]⊗ Γ [s−1y]⊗Z/2〈x ′〉 ⊗Z/2〈y ′〉
ad∗ϕ⊗1−→ H ∗(ΩX;Z/2)✷H ∗(ΩX;Z/2)I •
1✷d−→H ∗(ΩX;Z/2)✷H ∗(ΩX;Z/2)I •
1⊗ε⊗1−→ Γ [s−1x]⊗ Γ [s−1y]⊗Z/2〈x ′〉 ⊗Z/2〈y ′〉,
where ε :H ∗(ΩX;Z/2)→ Z/2 is the augmentation. It follows from Lemma 2.4 that
ad∗ϕ ⊗ 1
(
γl
(
s−1x
))
=
∑
i+j=l, i,j1
∑
s+t=j, s,t1
γs
(
s−1x
)⊗ (Ωϕ)∗χ∗γi(s−1x) · γt(s−1x)
+
∑
i+j=l, i,j1
γj
(
s−1x
)⊗ (Ωϕ)∗χ∗γi(s−1x)
+
∑
i+j=l, i,j1
1⊗ (Ωϕ)∗χ∗γi
(
s−1x
) · γj(s−1x)
+ 1⊗ (Ωϕ)∗χ∗γl
(
s−1x
)+ ∑
i+j=l, i,j1
γi
(
s−1x
)⊗ γj (s−1x)
+ γl
(
s−1x
)⊗ 1+ 1⊗ γl(s−1x).
The similar formula concerning the element γm(s−1y) also holds. Since ε is the
augmentation, we see
1⊗ ε⊗ 1 ◦ 1⊗ d(γi(s−1x)⊗ z)= 0 (2.1)
if z = s−1x and z = s−1y . Suppose that (s−1x)2 = s−1y . Then we have χ∗(γ2(s−1x))=
γ2(s−1x) + s−1y . This fact and (2.1) allow us to conclude that, without depending on
whether (s−1x)2 = s−1y or not,
∂
(
γl
(
s−1x
)) = γl−1(s−1x)⊗ (ϕ∗(x))′ + γl−1(s−1x)⊗ x ′ and
(2.2)
∂
(
γl
(
s−1y
)) = γl−1(s−1y)⊗ (ϕ∗(y))′ + γl−1(s−1y)⊗ y ′.
Here ′ :Z/2〈x, y〉 → Z/2〈x ′, y ′〉 denotes the linear map which takes x and y to x ′
and y ′, respectively. Consider the case where degx = degy . It is immediate that φ∗ = id
on H ∗(X;Z/2). Therefore all the differentials in the E1-term vanish. Hence we have
E
∗,∗
2
∼= Γ [s−1x] ⊗ Γ [s−1y] ⊗ Z/2〈x ′〉 ⊗ Z/2〈y ′〉 as a vector space. Since elements
γi(s
−1x)γj (s−1y)x ′ (i, j  0) are permanent cycles, it follows that the sequence of Betti
numbers bi(XIϕ;Z/2) is unbounded.
Suppose that degx = degy . To complete the proof, we must consider whether the
sequence {bi(XIϕ;Z/2)} is unbounded or not in the following six cases:
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A =
(1 0
0 1
)
,
(1 1
0 1
)
,
(1 0
1 1
)
,(0 1
1 0
)
,
(1 1
1 0
)
and
(0 1
1 1
)
,
where A is a matrix representing the linear map φ∗ :H degx(X;Z/2)→ H degx(X;Z/2)
with respect to the bases x and y . From the same argument as the above, we can deduce
that the sequence {bi(XIϕ;Z/2)} is unbounded if A=
(
1 0
0 1
)
. Consider the case A=
(
1 1
0 1
)
.
It follows form (2.2) that ∂(γl(s−1x))= γl−1(s−1x)y ′ and ∂(γm(s−1y))= 0. Hence we see
∂
(
γl
(
s−1x
)
γm
(
s−1y
)
y ′
) = γl−1(s−1x)γm(s−1y)x ′y ′ and
∂
(
γl+1
(
s−1x
)
γm
(
s−1y
)) = γl(s−1x)γm(s−1y)y ′.
Therefore, we have E∗,∗2 = Z/2〈γm(s−1y), γm(s−1y)x ′; m 0〉. This fact implies that the
sequence {bi(XIϕ;Z/2)} is bounded. The same argument works in the case A=
(
1 0
1 1
)
. By
choosing appropriate basis, we can reduce the case A=
(
0 1
1 0
)
to the case A=
(
1 1
0 1
)
.
Consider the case A=
(
1 1
1 0
)
. The formula (2.2) tells us that
∂
(
γl
(
s−1x
)) = γl−1(s−1x)y ′ and (2.3)
∂
(
γm
(
s−1y
)) = γm−1(s−1y)x ′ + γm−1(s−1y)y ′.
Let αl,m (l  0,m 0) and βl,m (l  1,m 0) denote the elements γl(s−1x)γm(s−1y)y ′
and γl(s−1x)γm(s−1y)x ′+γl−1(s−1x)γm+1(s−1y)y ′, respectively. Put β0,m = γm(s−1y)x ′,
where m 0. We can verify that E1,∗1 has a basis
{x ′, y ′} ∪ {βl,m − αl,m,αl,m}l1,m1 ∪ {βl,0}l1 ∪ {β0,m − α0,m}m1 ∪ {αl,0}l1.
Put A = Z/2〈x ′, y ′〉 ⊕ Z/2〈βl,m − αl,m〉l,m1 ⊕ Z/2〈β0,m − α0,m〉m1 and put C =
Z/2〈αl,m〉l,m1 ⊕Z/2〈α0,m〉m1 . From (2.3), it follows that
E
1,∗
1 =A⊕Z/2〈βl,0〉l1 ⊕C
and that Ker∂ = A⊕Z/2〈βl,0〉l1. Moreover, we see that ∂0,∗ :E0,∗1 →A and ∂1,∗|C :C→
E
2,∗
1 are isomorphisms and hence E
∗,∗
2 = Z/2〈βl,0〉l1. Thus we can conclude that the
sequence {bi(XIϕ;Z/2)} is bounded. An appropriate choice of a basis allows us to reduce
the case A=
(
0 1
1 1
)
to the above case. This completes the proof. ✷
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